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A b s t r a c t
The r e l a t i v i s t i c  co sm o lo g ic a l  models o f  a homogeneous and 
i s o t r o p i c  U n iv e rse  a re  c o n s id e r e d .  The l a rg e  s c a l e  m a t t e r  d i s t r i b u t i o n  
in  U n iv e rse  i s  r e p r e s e n t e d  by th e  i n t e r a c t i n g  m ix tu re  o f  th e  p e r f e c t  
g as  w i th  n o n -z e ro  p r e s s u r e  and th e  r a d i a t i o n  (n o t  n e c e s s a r i l y  b la c k  
body r a d i a t i o n )  w i th  a p r e s s u r e  = 1 / 3  r a d i a t i o n  energy  d e n s i t y .
T h is  m ix tu re  o f  p e r f e c t  gas  and r a d i a t i o n  we c a l l  co sm o lo g ic a l  f l u i d .
The b a s i c  f e a t u r e  o f  t h i s  p r e s e n te d  c o sm o lo g ica l  model i s  t h a t  
co sm o lo g ica l  f l u i d  i s  d e f in e d  by th e  th e rm al e q u a t io n  o f  s t a t e  and 
th e  c a l o r i c  e q u a t io n  o f  s t a t e .  The p r e s s u r e  -  ene rgy  d e n s i t y  r e l a ­
t i o n  which i n  u s u a l  r e l a t i v i s t i c  cosmology i s  c o n s id e re d  as an 
e q u a t io n  o f  s t a t e ,  r e p r e s e n t s  ii> o u r  c a s e  d e f i n i t i o n  o f  th e  f i n i t e  
changes  o f  s t a t e  o f  c o sm o lo g ica l  f l u i d .
The E i n s t e i n ' s  e q u a t io n  g iv e  a de te rm in ed  system  o f  co m p a tib le  
d i f f e r e n t i a l  e q u a t io n s  f o r  th e  r a d i a l  dependen t p a r t  and th e  tim e 
dependen t p a r t  ( s c a l e  f a c t o r  f u n c t io n )  o f  th e  R ober tso n  -  w a lk e r  
m e t r i c .
The c o n s e r v a t io n  law which i s  a consequence o f  E i n s t e i n ' s  
e q u a t io n s  i s  i n  th e  i n t e g r a l  form . Under th e  c o n d i t i o n  t h a t  th e  
en e rg y  o f  th e  co sm o lo g ic a l  f l u i d  i s  c o n s ta n t  t h i s  c o n s e r v a t io n  law 
e x p r e s s e s  th e  c o n s e r v a t io n  o f  p ro p e r  m a t e r i a l  d e n s i t y  o f  th e  c o s ­
m o lo g ic a l  f l u i d .
I l l
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Some s p e c i a l  models o f  th e  homogeneous and i s o t r o p i c  u n iv e r s e  
a re  developed  and d i s c u s s e d .
One can  say t h a t  th e  most g e n e ra l  models o f  th e  u n iv e r s e  which 
fo l lo w  from o u r  c o n s i d e r a t i o n s  show c l o s e  resem blance  to  t h a t  o f  
th e  Friedmann one .
The Friedmann n a t u r e  i s  g iv e n  by th e  form o f  th e  d i f f e r e n t i a l  
e q u a t io n  f o r  th e  s c a le  f a c t o r  f u n c t i o n .  The same d i f f e r e n t i a l  
e q u a t io n  h a s  a r e l a t i o n s h i p  to  th e  problem  o f  p ro p e r  v i b r a t i o n  o f  
th e  homogeneous and i s o t r o p i c  u n iv e r s e  d i s c u s s e d  by S c h rb d in g e r ,  
some tim e ago.
IV
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In tro d u c tio n
I .
In  th e  v a r io u s  phenomena w hich p h y s i c i s t s  i n v e s t i g a t e ,  a number 
o f  d i f f e r e n t  ty p e s  o f  f o r c e s  o c c u r .  I t  ap p ea rs  t h a t  l a r g e  s c a l e  
phenomena o f  astronomy a re  most s t r o n g ly  a f f e c t e d  by g r a v i t a t i o n a l  
f o r c e s .  I f  g r a v i t a t i o n  i s  in d e ed  th e  dom inating  i n f l u e n c e ,  th e n ,  
as a th e o ry  o f  g r a v i t a t i o n ,  th e  g e n e r a l  th e o ry  o f  r e l a t i v i t y ,  sh o u ld  
be a b le  to  g iv e  a d e s c r i p t i o n  o f  th e  u n iv e r s e  i n  th e  l a r g e .
The co sm o lo g ica l  problem  w i th in  th e  framework o f  g e n e r a l  r e l a t ­
i v i s t i c  c o n s i s t s  i n  f in d in g  a model o f  th e  p h y s ic a l  u n iv e r s e  w hich 
i s  a s o l u t i o n  o f  E i n s t e i n ' s  e q u a t io n s .  One can e x p e c t  such  a model 
to  d e s c r ib e  o n ly  th e  m acroscop ic  s t a t e  o f  th e  u n iv e r s e .  An a c c e p t ­
a b le  t h e o r e t i c a l  model need  t h e r e f o r e  f i t  o n ly  e x p e r im e n ta l  f a c t s  
o f  a g lo b a l  c h a r a c t e r .
The m a th em a tic a l  t a s k  o f  s o lv in g  th e  c o sm o lo g ica l  problem  
c o n s i s t s  i n  d e te rm in in g  a l a r g e - s c a l e  m e t r i c  o f  the  fo u r -d im e n s io n a l  
w o r ld  and a c o r re s p o n d in g  l a r g e - s c a l e  mass ene rgy  d i s t r i b u t i o n  
s a t i s f y i n g  E i n s t e i n ' s  e q u a t io n s .
The s u b j e c t  o f  r e l a t i v i s t i c  cosmology i s  th e  smoothed o u t  
m e t r i c a l  s t r u c t u r e  o f  th e  u n iv e r s e ,  th e  d e t a i l s  o f  w hich a re  neg­
l e c t e d .  To r e s t r i c t  th e  p o s ib l e  forms o f  a co sm o lo g ic a l  m e t r i c ,  we 
f i r s t  impose th e  re q u ire m e n t  o f  s p a t i a l  i s o t r o p y ,  which ap p ea rs  to  
be p h y s i c a l l y  j u s t i f i a b l e  on a l a r g e  enough s c a l e .  Then d i f f e r e n t
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models can be deve loped  c o r re s p o n d in g  to  e i t h e r  s t a t i c  o r  t im e -  
dependen t s o l u t i o n s  and to  d i f f e r e n t  v a lu e s  o f  a c h a r a c t e r i s t i c  
p a ra m e te r  which w i l l  ap p ea r  i n  th e  g e n e r a l  form o f  th e  i s o t r o p i c  
m e t r i c .  From each  such model one can  d e r iv e  p r o p e r t i e s  o f  th e  
c o r re s p o n d in g  p h y s ic a l  w o r ld .  A com parison  o f  th e s e  p r e d i c t i o n s  
w i th  o u r  o b s e r v a t i o n a l  knowledge shou ld  p ro v id e  a t e s t  o f  th e  
v a l i d i t y  o f  th e  m odel.
To s im p l i f y  th e  m a th em a tic a l  d e s c r i p t i o n ,  we make th e  p h y s ic a l  
assum ption  t h a t  m a t t e r  i s  d i s t r i b u t e d  homogeneously i n  th e  w o r ld .
A ccep ting  th e  b a s i c  id e a  o f  g e n e r a l  r e l a t i v i t y ,  t h a t  th e  
geom etry  o f  space be d e te rm in e d  by th e  m a t t e r  d i s t r i b u t i o n ,  we 
r e q u i r e  t h a t  th e  geom etry  o f  th e  th r e e - d im e n s io n a l  space be homo­
g en eo u s ,  l i k e  th e  m a t t e r  d i s t r i b u t i o n .
Thus i n  r e l a t i v i s t i c  cosmology we u se  th e  form o f  a m e t r i c  which 
d e s c r ib e s  a f o u r -d im e n s io n a l  space c o n ta in in g  a th r e e - d im e n s io n a l  
s u b s ta n c e  o f  homogeneous geom etry , u s u a l l y  c a l l e d  th e  R o b e r tso n -  
W alker m e t r i c .  The R obertson-W alker  m e t r i c  r e p r e s e n t s  a w o r ld  
i n  which a homogeneous d i s t r i b u t i o n  o f  m a t t e r  i s  anchored  to  a 
CO-moving c o o r d in a te  sy stem .
The f i r s t  r e l a t i v i s t i c  models o f  th e  u n iv e r s e  were th e  s o - c a l l e d  
E i n s t e i n  and de S i t t e r  w o r ld s ,  b o th  announced i n  1917. The E i n s t e i n  
w o rld  i s  a s t a t i c  s p a c e - t im e  one w hich c o n t a in s  u n iq u e ly  d e f in e d  
space  s e c t i o n s  th ro u g h  each  e v e n t  o f  th e  m a n ifo ld .  These s u r f a c e s
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a re  homogeneous and i s o t r o p i c  sp aces  o f  c o n s t a n t  p o s i t i v e  c u r v a t u r e .  
They a re  f i l l e d  w i th  in c o h e r e n t  m a t t e r  o f  c o n s t a n t  d e n s i t y .  S in ce  
th e  space s e c t i o n s  x° =  c o n s t a n t  ace c l o s e d  and th e  whole s p a c e - t im e  
may be re g a rd e d  as th e  d i r e c t  : t 'o p o lo g ica l  p ro d u c t  o f  an open l i n e  
w i th  a th r e e -d im e n s io n a l  s p h e r i c a l  s p a c e ,  th e  E i n s t e i n  u n iv e r s e  has  
been c a l l e d  a fo u r -d im e n s io n a l  c y l i n d r i c a l  w o r ld .
The de S i t t e r  u n iv e r s e  i s  an empty sp a c e - t im e  one w i th  c o n s t a n t  
c u r v a t u r e .  I t  i s  o f  l i t t l e  d i r e c t  i n t e r e s t  s in c e  i t  i s  v o id  o f  
m a t t e r .  However, t h i s  model r e c e iv e d  a new i n t e r e s t  i n  1948 and 
1949 as th e  w o r ld  model o f  th e  ' s t e a d y  s t a t e  t h e o r y ' .
There e x i s t s  o t h e r  empty s p a c e - t im e  models w i th  v a n i s h in g  
o r  n e g a t iv e  co sm o lo g ic a l  c o n s t a n t  K b u t  a l l  th e s e  models and th e  
E i n s t e i n  cosmos may be th o u g h t  o f  as  a l i m i t i n g  c a se  o f  th e  F r i e d ­
mann m ode ls .
I n  1922 and 1924 A. Friedmann c o n s t r u c t e d  w orld  m odels which 
s to o d  somewhere betw een th e  E i n s t e i n  and de S i t t e r  m o d e ls .  I f  th e  
s c a l a r  o f  ex p an s io n  v a n i s h e s  f o r  a l l  v a lu e s  o f  x ° ,  one o b t a i n s  
E i n s t e i n ' s  model from F r ie d m a n n 's .  I f  th e  d e n s i t y  o f  m a t t e r  v a n i s h e s  
one o b t a i n s  as a l i m i t i n g  c a s e  o f  th e  Friedmann models th o se  which 
a re  m en tioned  above w i th  A p o s i t i v e ,  n e g a t iv e  o r  z e ro .  As a c o n se ­
quence o f  E i n s t e i n ' s  e q u a t io n s^  in  a l l  o f  th e s e  c a s e s  t h e  3 -sp a c e  
oX — c o n s t a n t  a re  sp a c e s  o f  c o n s t a n t  c u r v a t u r e .
Among th e  cosm olog ie  models in t r o d u c e d  above th e r e  a re  o n ly  
th o s e  o f  th e 'F r ie d m a n n  ty p e  w hich a re  b e l i e v e d  a t  p r e s e n t  to  be
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p o s s i b ly  a p p r o p r ia te  f o r  a r e p r e s e n t a t i o n  o f  th e  s p a c e - t im e  s t r u c t u r e  
in  th e  l a r g e .  The o t h e r  ones  a re  e i t h e r  empty o r  do n o t  show a g e n e r a l  
ex p an s io n  o f  m a t t e r  w hich h as  been o b se rv e d  by th e  a s t ro n o m e rs .
The Newtonian an a lo g u es  o f  th e  Friedmann models were g iv e n  by 
M ilne and McCrea i n  1954. N ew ton 's  cosmology i s  a v e ry  good 
ap p ro x im a tio n  to  r e l a t i v i s t i c  one und er  a l l  c i rc u m s ta n c e s  o f  which 
we have p o s i t i v e  know ledge. The main f e a t u r e  o f  Newtonian cosmology, 
which i s  th e  same as th e  r e l a t i v i s t i c  cosm ology, i s  t h a t  f o r  th e  
whole u n iv e r s e ,  i t s  whole b e h a v io u r  i s  c h a r a c t e r i z e d  by a s i n g l e  
f u n c t i o n  which s a t i s f i e s  a c e r t a i n  d i f f e r e n t i a l  e q u a t io n .
The u s u a l  r e l a t i v i s t i c  cosmology works o u t  two d i f f e r e n t i a l  
e q u a t io n s  which c o n ta in  t h r e e  unknown f u n c t i o n s :  d e n s i t y  o f  m a t t e r ,
p r e s s u r e  and s c a l e - f a c t o r  f u n c t i o n .  They a re  t h e r e f o r e  in d e te r m in a te  
u n l e s s  more a d d i t i o n a l  h y p o th e s i s  i s  in t r o d u c e d .
These two e q u a t io n s ,  however, le a d  to  th e  r e l a t i o n  w hich i s  
th e  law o f  c o n s e r v a t io n  o f  e n e rg y ,  and show t h a t  th e  p r e s s u r e  does 
work i n  th e  e x p a n s io n .  T h is  c o n s e r v a t io n  law d i f f e r s  from th e  
Newtonian one s in c e  t h e r e  we have th e  s t r i c t  c o n s e r v a t io n  o f  one 
q u a n t i t y  -  mass a lone  [ 2 ] .
In  th e  fo l lo w in g  s e c t i o n s  th e  r e l a t i v i s t i c  cosmology i s  
c o n s id e r e d  which i s  a com ple te  p a r a l l e l  to  th e  Newtonian m odel.  The 
method may be found o f  i n t e r e s t ,  f o r  i t  d i f f e r s  from th e  u s u a l  one 
i n  th e ' .u s e  o f  th e  p r e s s u r e  -  ene rgy  d e n s i t y  r e l a t i o n .  The p r e s s u r e  -  
en e rg y  d e n s i t y  r e l a t i o n  in  u s u a l  , r e l a t i v i s t i c  cosmology r e p r e s e n t s
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an a d d i t i o n a l  h y p o th e s i s  by which th e  problem  i s  made d e t e r m in a te .
We assume t h a t  o u r  co sm o lo g ic a l  models c o n ta in  t h e  m ix tu re  o f  th e  
p e r f e c t  g a s  and r a d i a t i o n .  T h is  m ix tu re  o f  th e  p e r f e c t  g a s  and 
r a d i a t i o n ,  which we c a l l  c o sm o lo g ica l  f l u i d ,  r e p r e s e n t s  th e  therm o- 
d in a m ic a l  sy stem . The f i n i t e  changes  o f  s t a t e  o f  t h i s  system  a re  
g iv e n  by a p r e s s u r e - e n e r g y  d e n s i t y  r e l a t i o n  [12] .
I t  means t h a t  i n  o u r  c o sm o lo g ica l  m odels th e  m a t e r i a l  c o n t e n t  o f  
u n iv e r s e  i s  f i x e d .  rB y th e  p r o v i s io n  o f  a p r e s s u r e  -  en e rg y  d e n s i ty  
r e l a t i o n ,  we a re  p r e s c r i b i n g  th e  f i n i t e  changes  o f  s t a t e  o f  th e  
c o sm o lo g ic a l  f l u i d .  I n  t h i s  way we g e t  from E i n s t e i n ' s  e q u a t io n s  
a d e te rm in a te  system  o f  c o m p a tib le  e q u a t io n s .  One i s  a b le  to  
t r a n s c r i b e  th e  c o n s e r v a t io n  law which e x p re s s e s  th e  s t r f c t  c o n s e r ­
v a t i o n  o f  one q u a n t i t y ,  i n  th e  u s u a l  form .
I t  t u r n s  o u t  t h a t  th e  p r e s s u r e  w hich does work in  e x p a n s io n  h as  
a c o n t r i b u t i o n  from th e  ene rgy  d e n s i t y  and th e  energy  w hich i s  
chang ing  w i th  t im e  i n  e x p an s io n  has  a c o n t r i b u t i o n  from p r e s s u r e .
G e n e ra l ly  one can  say ,  s t a r t i n g  from th e  d i f f e r e n t i a l  e q u a t io n  
f o r  th e  s c a l e  f a c t o r  f u n c t i o n ,  t h a t  i n  o u r  fo rm u la t io n  th e  r e l a t i v ­
i s t i c  cosmology i s  a model o f  th e  u n iv e r s e  w hich shows th e  v e ry  
c l o s e  resem blance  to  th e  Friedmann m odelsE 10][3]  .
Let u s  in t r o d u c e  t h a t  S c h ro d in g e r  C.ll] h as  c o n s id e re d  th e  
s o l u t i o n  o f  th e  Kein -  Gordon e q u a t io n  i n  expanding  u n i v e r s e .
F or  th e  t im e  dependen t p a r t  o f  th e  wave f u n c t io n  he h a s  o b ta in e d
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a d i f f e r e n t i a l  e q u a t io n  w hich , as i s  shown, i s  o n ly  a s p e c i a l  c a se  
o f  o u r  d i f f e r e n t i a l  e q u a t io n  f o r  th e  s c a l e - f a c t o r  f u n c t i o n .
The b a s i c  f e a t u r e s  o f  o u r  co sm o lo g ic a l  models a re  fo rm u la te d  
i n  s e c t i o n s  11 and I I I .
The co sm o lo g ic a l  f l u i d  i s  d e f in e d  by th e  e q u a t io n  o f  s t a t e  
and th e  c a l o r i c  e q u a t io n  o f  s t a t e  i n  s e c t i o n  I I .  I t  i s  shown t h a t  
c o sm o lo g ic a l  f l u i d  c o n s i s t s  o f  two components which can  be c o n s id e r e d  
as  a gas  and r a d i a t i o n .  C o n s id e r in g  th e  p e r f e c t  gas  and r a d i a t i o n  
as two d i f f e r e n t  f a s e  s t a t e s ,  one can  say  t h a t  d u r in g  th e  tim e 
developm ent t h e r e  i s  a t r a n s i t i o n  from one f a s e  s t a t e  to  a n o th e r  o n e .  
For th e  c r i t i c a l  t e m p e ra tu re  and p r e s s u r e  th e  co sm o lo g ic a l  f l u i d  h as  
o n ly  one component -  r a d i a t i o n .
The d i f f e r e n t i a l  e q u a t io n  f o r  t h e  dependen t p a r t  and r a d i a l l y  
dependen t p a r t  o f  th e  R obertson  -  W alker m e t r i c  a re  d e r iv e d  from 
E i n s t e i n  e q u a t io n s  i n  s e c t i o n  I I I .  Here, c o n s e r v a t io n  law, w hich i s  a 
sequence o f  E i n s t e i n ' s  e q u a t io n s ,  i s  a l s o  c o n s id e r e d .
The d i s c u s s io n  o f  th e  c o n s e r v a t io n  law shows i t s  r e l a t i o n  to  
th e  c r i t i c a l  volume and th e  second law o f  therm odynam ics. From 
i n t e g r a t i o n  o f  th e  d i f f e r e n t i a l  e q u a t io n s  f o r  th e  r a d i a l  p a r t  o f  
th e  R o bertson  -  W alker m e t r i c  we see  t h a t  3 - s p a c e  x° =  c o n s t a n t  
has th e  c o n s t a n t  c u r v a t u r e  0 ,  - 1 ,  + 1 .
We have c o r r e s p o n d in g ly  a E u c l id e a n ,  a p s e u d o - s p h e r i c a l ,  and 
a s p h e r i c a l  3 - s p a c e .
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For th e  t im e  dependent p a r t  o f  R obertson  -  W alker m e t r i c ,  one 
can  d e r iv e  n o n - l i n e a r  d i f f e r e n t i a l  e q u a t io n  o f  th e  second  o r d e r .
T h is  e q u a t io n  i s  i n t e g r a t e d  once and we c p i  w r i t e  e x p l i c i t l y  th e  e x p re ­
s s io n  f o r  Hubble c o n s t a n t .
In  s e c t i o n  IV some c a s e s  a re  c o n s id e r e d  when th e  d i f f e r e n t i a l  
e q u a t io n  f o r  th e  s c a l e  f a c t o r  f u n c t io n  adm its  im m ediate i n t e g r a t i o n  
i n  te rm s o f  e le m e n ta ry  f u n c t i o n s .  One o f  th e s e  s o l u t i o n s  c o r re s p o n d s  
to  th e  model w e l l  known as th e  de S i t t e r  w o r ld .  G e n e ra l ly  th e  s c a l e  
f a c t o r  f u n c t io n  i s  g iv e n  by th e  W e i e r s t r a s s  'P e '  f u n c t i o n .  A s p e c i a l  
c a s e  when th e  'P e '  f u n c t io n  i s  w r i t t e n  i n  th e  c lo s e d  form i s  a l so  
c o n s id e r e d .
S u b se q u e n t ly ,  th e  model o f  th e  u n iv e r s e  w i th  a g iv e n  p r e s s u r e  -  
ene rgy  d e n s i t y  r e l a t i o n  i s  i n t r o d u c e d .  We assume t h a t  t h e  p r e s s u r e  
i s  a l i n e a r  homogeneous f u n c t io n  o f  th e  ene rgy  d e n s i t y .  I t  i s  
shown t h a t  i n  t h i s  c a s e  we have a s t a t i c  model s in c e  th e  s c a l e  f a c t o r  
f u n c t io n  i s  c o n s t a n t .  The c u r v a t u r e  o f  3 - s p a c e ,  x° = c o n s t a n t ,  
i s  d e te rm in e d  i n  t h i s  model by th e  c r i t i c a l  v a lu e s  o f  te m p e ra tu r e ,  
p r e s s u r e ,  and volum e. The ene rgy  d e n s i t y  and p r e s s u r e  o f  th e  cosmo­
l o g i c a l  f l u i d  a re  tim e in d e p en d en t  and h en ce ,  c o n s t a n t .  However, 
th e  p ro p e r  i n t e r n a l  en e rg y ,  r a d i a t i o n  ene rgy  and p e r f e c t  g a s  ene rgy  
a re  f u n c t i o n s  o f  r e s t  te m p e ra tu re  w hich can  be chosen  as  an a r b i t r a r y  
f u n c t i o n  o f  t im e .
F i n a l l y ,  i n  s e c t i o n  V i s  c o n s id e r e d  th e  c o n n e c t io n  betw een o u r
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
d i f f e r e n t i a l  e q u a t io n s  f o r  th e  s c a l e  f a c t o r  f u n c t io n  and th e  d i f f e r ­
e n t i a l  e q u a t io n  f o r  t h e  tim e dependent p a r t  o f  th e  wave f u n c t io n  
(w hich  d e s c r ib e s  th e  p ro p e r  v i b r a t i o n s  o f  t h e  homogeneous and i s o ­
t r o p i c  u n iv e rse )*
How w e l l  o u r  co sm o lo g ic a l  models f i t  o u r  p r e s e n t  e x p e r im e n ta l  
knowledge (w hich a re  g e n e r a l l y  a c c ep ted )  o f  th e  u n iv e r s e  i s  i n t r o ­
duced in  th e  f i n a l  s e c t i o n .
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I I  • Cosm ological F lu id
We assume t h a t  th e  U n iv e rse  i s  i s o t r o p i c  and homogeneous and i s  
f i l l e d  w i th  c o s m o lo g ic a l  f l u i d  w hich h as  th e  ene rgy  momentum t e n s o r
( 1)
Here /U* f  ^ ^  i s  th e  p ro p e r  ene rgy  d e n s i t y  and p i s  t h e  p r e s s u r e  
g iv e n  as a f u n c t i o n  o f  th e  p ro p e r  m a t e r i a l  d e n s i t y  ^  and th e : r e 8 &
te m p e ra tu re  T, by th e  th e rm a l  e q u a t io n  o f  s t a t e
j v  —' ~  Ç ^  I -  ^  ^  - f  (2)
w i th  ^pSnd o(beiig c o n s t  an ts. F u r th e r  we assume t h a t  th e  p ro p e r  
i n t e r n a l  en e rg y  S  o f  t h e  p o sm o lo g ica l  f l u i d  i s  g iv e n  by th e  e q u a t io n
 ^ I +«"- 0  • (3). Z
The p ro p e r  en e rg y  d e n s i t y  ^  i s  d e f in e d  by th e  r i g h t  hand
s id e  o f  th e  e q u a t io n  [6 ]
(4)
E q u a t io n  (2 )  we can  t r a n s c r i b e  as
(5)
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and u sing  e q u a tio n s  (4) and (5) we can ex p ress  th e  in te r n a l  energy S as
V  -  1A
c f  ~  —
/
3
From (6) we have t h a t
( 6)
D enoting
we can  w r i t e  (7 )  as
The e q u a t io n  o f  s t a t e  (2 )  i n  th e  form (9) i s  p h y s i c a l l y  r e v e a l i n g :  
th e  c o sm o lo g ic a l  f l u i d  i s  now seen  to  c o n s i s t  o f  a p e r f e c t  g a s  w i th  
d e n s i t y  e ^ ,  p r e s s u r e  e^vjt | and a r a d i a t i o n  w i th  d e n s i t y  ^y^and 
p r e s s u r e  ^  ^  . On com paring (9 )  w i th  ( s )  one r e a d i l y  f i n d s  t h a t
10
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W ith th e  h e lp  o f  ( iQ ) we can  w r i t e  (4) i n  th e  form
é  =  +  e  ( " )
and th e  s t a t e  e q u a t io n  (2) i n  th e  form
■ ( 12)
F or th e  c r i t i c a l  t e m p e ra tu re  and p r e s s u r e  we o b t a i n  d i r e c t l y  from 
( 2) t h a t
== r  /  =  ^ o  . (13)
From ( 12) and ( l 3 )  we see  t h a t  f o r  th e  c r i t i c a l  te m p e ra tu re  th e
c o sm o lo g ic a l  g a s  h a s  o n ly  one component -  r a d i a t i o n ,  w i th  p r e s s u r e  
and th e  en e rg y  
The d e f i n i t i o n  o f  p ro p e r  e n t ro p y  s [6 ]  g iv e n  by
( 14)
' <p '
w i th  h e lp  o f  ( 3 ) can  be w r i t t e n  as
(15)
11
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The e x p r e s s io n  (15) c a n n o t  be i n t e g r a t e d ,  t h a t  i s  th e  second 
law i n  th e  form (15) does n o t  a l low  us to  make a g e n e r a l  s ta t e m e n t  
about a f i n i t e  change o f  s t a t e  o f  th e  system  i n  th e  c a se  where we 
do n o t  know th e  c o n d i t io n s  to  which th e  system  i s  s u b je c t e d .
To a r r i v e  a t  a law f o r  a f i n i t e  change o f  s t a t e  o f  a system  
we must know such c o n d i t io n s  which p e rm it  (15) to  be i n t e g r a t e d .
U su a l ly  th e  problem  i s  made d e te rm in a te  by th e  p r o v i s io n  o f  
an e x t r a  e q u a t io n  o f  a p r e s s u r e - e n e r g y  d e n s i t y  r e l a t i o n
o r  o t h e r  c o n d i t i o n  and we s h a l l  fo l lo w  th e  same c o u r s e .  The 
p r e s s u r e - e n e r g y  r e l a t i o n  ( I 6 ) o r  o t h e r  c o n d i t io n  c h a r a c t e r i s e s  
a f i n i t e  change o f  s t a t e  o f  sy s tem .
12
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I I I .  F orm ulation  o f  Problem
A. F i e l d  E q u a t io n s
The f i r s t  o f  o u r  a ssum ptions  means t h a t  th e  R obertson-W alker  m e t r i c
=  otx' é l i } )
can  be used  in  a co-moving c o - o r d in a t e  sy stem . For th e  t e n s o r  ( l )  
i n  a co-moving c o - o r d in a t e  system  we have t h a t
_  ( 1 8 )  
l o o  == 3 __ i  (9 I ^  ^  _  4 / Z / & )
where ^ ^ a r e  th e  m e t r i c  c o e f f i c i e n t s  o f  th e  form ( l 7 ) .  From E i n s t e i n ' s  
e q u a t io n s
-  I  R  ’ “ “ T ’a ;  c i9 )
(we use  u n i t s  k =  c = l ) ,  w i th  th e  r i g h t  hand s id e  o f  (18) and th e  
t  t h a t  fromf a c  ( l 7 )  g^^ = 1, we have t h a t
13
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From (19) and (1) we have th a t
r
and th u s  we can  t r a n s c r i b e  (20) as
( 22)
The g e n e ra l  form o f  th e  c o n s e r v a t io n  law, which i s  a consequence o f  
e q u a t io n s  ( l 9 )  w i th  th e  r i g h t  hand s id e  g iv e n  by ( l ) ,  h a s  th e  form
=  O . (24)
In  th e  co-moving c o o r d in a te  system  u s in g  th e  R obertson-W alker  
m e t r i c  we have t h a t
2  (33)
Eg. (î4) g iv e s  by i n t e g r a t i o n  t h a t
Where A ^O  i s  an i n t e g r a t i n g  c o n s t a n t .
14
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R . .  =  %  ^ ' 4 1 .oo 2 .
Combining (21) and (26) we can w r i t e
R “  ^ -f- A (- 3 (27)
and u s in g  (12) from e g .  (cf) we g e t
■R ^  I f \  (28)
The components o f  R ic c i  t e n s o r  f o r  m e t r i c  ( l 7 )  a re  g iv e n  as [ i j
2  
¥
^  +  T  f  f ) ( i
II ' 1  I (29)
^  P z z  ,
where th e  prim e i n d i c a t e s  a d e r i v a t i v e  w i th  r e s p e c t  to  r  and do t 
i n d i c a t e s  a d e r i v a t i v e  w i th  r e s p e c t  to  x ° . From e q u a t io n s  (22) and 
u s in g  ( 29) we o b ta in  t h a t
i 4 t  Y  )  =  -
I 2.
| Ÿ + - ^ Ÿ  -  -h A jiOj  ^ (30)
15
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In  e q u a t io n s  (30) we have th r e e  d i f f e r e n t i a l  e q u a t io n s  f o r  two 




3  ; ;  . 1  (32)
, 2
Where B i s  a c o n s ta n t  o f  s e p a r a t i o n .
B. C o n se rv a t io n  Law
The c o n s e r v a t io n  law (25)
a
16
(33)^  I  y  y  - 0
w here  we p u t  Y^= [J [x^Jcan be t r a n s c r i b e d  as
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W riting
y .  ^  (35 )
from ( 34) we o b ta in
-h  A '  ------  ■=■ 0  . (36)
I r!d  K ° ' c iX
E q u a tio n  (36) i s  w e l l  known.
From e q u a t io n  (36) and e q u a t io n  (35) one s e e s  t h a t  th e  d e n s i t y  
^  , which i s  chang ing  d u r in g  th e  ex p an s io n  ( o r  c o n t r a c t i o n ) ,  has
a c o n t r i b u t i o n  from th e  p r e s s u r e  p .  The p r e s s u r e  .jv , w hich i s  doing 
work d u r in g  ex p an s io n  ( o r  c o n t r a c t i o n ) ,  has  a c o n t r i b u t i o n  from th e  
energy  e .
Using th e  c o n s e r v a t io n  law in  form (26) we can t r a n s c r i b e  i t  w i th  
th e  h e lp  o f  (2 )  and (3) as
(^/f -  3> o ; T  }  -  +  /A U . (37)
Assuming t h a t  th e  p h y s ic a l  volume V i s
V =  (38)
17
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th e n  e q u a t io n  (37) e n a b le s  u s  to  e x p re s s  th e  p ro p e r  m a t e r i a l  d e n s i t y  
^  as a f u n c t io n  o f  th e  r e s t  te m p e ra tu re  T and p h y s ic a l  volume V,
We can  w r i t e  t h a t
-  2_
_ + A  V
4 - S -< T ’ (39)
From ( 37) ,  i t  fo l lo w s  t h a t  when th e  i n t e g r a t i n g  c o n s ta n t  A = 0 ,  
th e n  i s  th e  f u n c t i o n  o f  th e  te m p e ra tu re  o n ly .  In  t h i s  c a se  
th e  e x p r e s s io n  (15) f o r  th e  e n t ro p y  can  be i n t e g r a t e d  and we g e t  
t h a t  i t  i s  c o n s t a n t .
When A ^  0 ,  e q u a t io n  (37) i s  co m p a tib le  w i th  th e  a r b i t r a r y  
g iv e n  p re s s u r e - e n e r g y  c o n d i t i o n
(40)
o r  o t h e r  c o n d i t i o n  which c h a r a c t e r i z e s  a f i n i t e  change o f  s t a t e  o f  
th e  c o sm o lo g ica l  f l u i d .
From e q u a t io n  (lO.) we know t h a t ( ^ a n d  h en ce ,  we g e t  from 
( 39 ) t h a t
18
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On u s in g  th e  id e n ty  from ( l 8 )  and (37) we can  w r i t e  t h a t
A \1 ^  (42)e  =  ^  \l
and th u s  from e q u a t io n  ( l l )  we have
From ( 4 3 ) ,  w i th  th e  h e lp  o f  ( 4 1 ) ,  we can  w r i t e  t h a t
0 ' ^ = * ^ A V   ^ _  9 ^  U I (44)
/I    »
/l~  SoiT / / - .
F u r t h e r ,  we can w r i t e ,  s t a r t i n g  from e q u a t io n  ( 1 2 ) ,  t h a t
I (45)
and
•K = AV'  ^A lzl. _g 0^1 + ^ (46)
E q u a t io n s  (41) and (44) g iv e  u s  th e  en e rg y  d e n s i t y  o f  th e  p e r f e c t  
g a s ,  e , and th e  ene rgy  d e n s i t y  o f  r a d i a t i o n ,  e ^ ,  as a f u n c t i o n  o f
th e  r e s t  te m p e ra tu r e ,  T, and p h y s ic a l  volum e, V. The p r e s s u r e ,  
o f  th e  p e r f e c t  g as  and th e  p r e s s u r e  o f  r a d i a t i o n , a r e  g iv e n  as 
f u n c t i o n s  o f  th e  r e s t  t e m p e ra tu r e ,  T, and th e  p h y s ic a l  volume by
19
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e q u a t io n s  (45) and ( 4 6 ) .
L e t us remark t h a t  e q u a t io n s  (36) can  be t r a n s c r i b e d  as 
E q u a t io n  (47) fo l lo w s  d i r e c t l y  from (43) because  o f
(48)
The c r i t i c a l  volume can  be e x p re s s e d  as
lie 0
I t  fo l lo w s  from e q u a t io n  (49) t h a t  th e  i n t e g r a t i n g  c o n s t a n t  A, 
in t ro d u c e d  in  c o n n e c t io n  w i th  th e  i n t e g r a t i o n  o f  th e  c o n s e r v a t io n  
law (2 5 ) ,  must be n e g a t iv e  un d er  th e  assum ption  t h a t  e^ i s  p o s i t i v e .  
I t  was shown i n  s e c t i o n  I I  e q u a t io n  ( l 3 )  t h a t  th e  c o n s t a n t  e^ 
d e n o te s  th e  c r i t i c a l  p r e s s u r e , ^ ^ .  Thus, the th e  assum ption  t h a t  
e^ i s  p o s i t i v e  i s  a n a t u r a l  o n e .  U s in g /^ /^  and we can  t r a n s c r i b e  
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from which fo l lo w s  im m ed ia te ly  t h a t  foy
I t  i s  shown i n  [1 5 ]  t h a t ,  g e n e r a l l y ,  we can  t r a n s c r i b e  th e  
c o n s e r v a t io n  law which i s  a consequence o f  E i n s t e i n ' s  e q u a t io n s  
f o r  th e  en e rg y  momentum t e n s o r  o f  a p e r f e c t  f l u i d ,  by means o f  th e  second 
therm odynam ical law ( l 4 ) .  I t  fo l lo w s  t h a t  th e  c o n s e r v a t io n  law (32) 
e x p re s s e s  th e  c o n s e r v a t io n  o f  th e  p ro p e f  m a t e r i a l  d e n s i t y , ( O ^ i f  
and on ly  i f  th e  e n t ro p y  S  i s  c o n s t a n t .  This  can  be proved i n  o u r  
c a s e  by d i r e c t  c o m p u ta t io n .
C. The r a d i a l  p a r t  o f  m etric.
The two e q u a t io n s  ( 3 1 ) ,  i . e .  e q u a t io n s
4 ^  i  ^ 4
y i e l d  one e q u a t io n
X r  /, IP (52)
"II
21
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[ ' I -  2 i / 7
Here a ,  and & a re  i n t e g r a t i n g  c o n s t a n t s .  The c o n s t a n t  o f  s e p a r a t i o n .
B, we can  w r i t e  as
2
When expanding  th e  m e t r i c  form we can absorb  th e  c o n s t a n t  ^  
i n t o  th e  f u n c t i o n  ^  and d e f in e  a new a r b i t r a r y  c o n s t a n t .
I ,  (55)
a:
Then we o b ta in
A 4 -  I  /M  '* V  g / y
% A ? 1
Here k = 0 ,  - 1 ^ + 1  c o r re sp o n d in g  r e s p e c t i v e l y  a% = 0 ,  a& n e g a t iv e ,  
and a ^  p o s i t i v e .  The c o n s ta n t  k i s  th e  c u r v a tu r e  o f  th e  3 - space  x° 
c o n s t a n t  and we have c o r r e s p o n d in g ly  E u c l id e a n ,  a p s e u d o - s p h e r ic a l  
s p a c e ,  and a s p h e r i c a l  s p a c e .  Thus we can w r i t e  th e  c o n s t a n t  o f  
s e p a r a t i o n  3  i n  th e  form
22
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2-
For E u c l id e n  s p a c e ,  a p s e u d o s p h e r ic a l  space  and a s p h e r i c a l  space 
we have c o r r e s p o n d in g ly
^  =  0 -  - B  <  0  • ^  > 0 .
D. The tim e dependen t p a r t  o f  m e t r ic
The tim e dependen t p a r t  o f  m e t r ic  must be a s im u l tan e o u s  s o l u t i o n  
o f  two e q u a t io n s  ( 32 ) ,  i . e .
I  ¥>■ ^  X  y,' L  f  ^  =  B  ^  ( L  y ,  j
(59)
- y  + 1  y -  -= Xfc;y_ { - S y  )  .
S u b t r a c t i n g  f i r s t  e q u a t io n  (59) from th e  second one we g e t
(60)
M u l t ip ly in g  th e  second  e q u a t io n  (59) by ^  and s u b t r a c t i n g  i t  from 
th e  f i r s t  one we g e t
23
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~ I A . (6 1 )
Now i f  e q u a t io n s  (59) a re  c o m p a tib le  e q u a t io n s  th e n  e q u a t io n
(61) must be an i n t e g r a l  o f  ( 6 0 ) .  D i f f e r e n t i a t i n g  (61) we g e t  
e q u a t io n  (60) and th u s  e q u a t io n s  (59) a re  co m p a tib le  e q u a t io n s .  
The s im u l ta n e o u s  s o l u t i o n s o f  e q u a t io n s  (59) a re  a l l  s o l u t i o n s  o f  
e q u a t io n  (61) w hich we can  t r a n s c r i b e  as
*2
B
Here th e  c o n s t a n t ÿ i s  g iv e n  by ( 5 7 ) ,  th e  c o n s t a n t  A i s  always
2
n e g a t iv e  and e^  i s  a p o s i t i v e  c o n s t a n t .  I f  we w r i t e  — i)  (k'‘]
e q u a t io n  (62) can  be t r a n s c r i b e d  as
f  0 ^ -  I  [ )  ,  (63 )
The f u n c t io n  U i s  a s o - c a l l e d  s c a l e  f a c t o r  f u n c t io n  and i s  u s u a l l y  
deno ted  by R. B u t,  becau se  we use  R f o r  th e  s c a l a r  c u r v a t u r e  o f  
s p a c e - t im e ,  we u se  U f o r  th e  s c a l e  f a c t o r  f u n c t i o n .  From (63) 
one d e r iv e s  i n s t a n t l y
24
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V " V
w hich r e l a t e s  th e  Hubble c o n s ta n t  IJ, th e  energy  d e n s i t y  e ,  th e  
p r e s s u r e  p ,  and mean c u r v a tu r e  ^ l O f  3 -sp a c e  x°  = c o n s t a n t .
25
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IV, D is c u s s io n  o f  C osm ological Models
A. S c a l e - f a c t o r  f u n c t io n  o f  f i r s t  c l a s s .
From th e  formal p o in t  o f  v iew  we s h a l l  d iv id e  th e  s o l u t i o n  
o f  e q u a t io n  (63) i n t o  two c l a s s e s .  For th e  f i r s t  c l a s s  A = 0 and 
f o r  th e  second c l a s s  A < 0 .  L e t u s  s t a r t  w i th  th e  f i r s t  c l a s s .
For A = 0 we have from (49) t h a t  = 0 and from (50) t h a t
and h e n c e /^ i s  n e g a t iv e  s in c e  Q.From (27)
we have t h a t  R = 4e^ = 4p^^ = -4p  w hich i s  c o n s t a n t .  From (42)
we have t h a t  e =  Cq and th u s  we have th e  r e l a t i o n
(65)
From (41) and (44) we have
/ |  -  I
and th u s
. (6?)
From (45) and (46) we have
26




The w e l l  known d i f f i c u l t i e s  w i th  th e  p h y s ic a l  i n t e r p r e t a t i o n
o f  e q u a t io n  (65) a re  u s u a l l y  overcome by th e  assum ption  t h a t  e = 0 ,
Then, from {65), we a l s o  have t h a t  ^  = 0 and we have a model o f  th e
u n iv e r s e  which i s  v o id  o f  m a t t e r .  The assum ption  e = 0 means i n  o u r
c a s e  t h a t  e = 0  and we h a v e / ^  — ^  =  Æy = e — e — R = 0 .  The o / c r / g / r r g
s im u l ta n e o u s  assum ption  e = 0  and A = 0 ,  le a v e s  V i n d e f i n i t e .o '  e r
E q u a t io n  (63) can  be t r a n s c r i b e d  as
^  ^ 0  U  -  — - A  (70)
and f o r  A =  0 we g e t  from ( 7 0 ) ,  f o r  U ^  0 ,  t h a t
^  2 ,
For e^ = 0 we see  from (71) t h a t  B -^0 , i . e .  th e  3 -sp a c e  x°  = c o n s t a n t  
i s  E u l id e a n  o f  s p h e r i c a l .
F o r  E u c l id e a n  3 -s p a c e  B = 0 and e q u a t io n  (71) g iv e s  th e  s c a l e  f a c t o r  
f u n c t i o n ,
U = c o n s t a n t  , (72)
27
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F or s p h e r i c a l  3 - s p a c e  B ^O  and i s  g iv e n  by th e  e q u a t io n  
E q u a t io n  (71) g iv e s  f o r  th e  s c a l e - f a c t o r  t h a t
U =  -------   X  °  +  CLx (74)
Ixiui
^ e r e  a i s  a c o n s t a n t  o f  i n t e g r a t i o n  ,
F o r e ]70  from (71) we see  t h a t  B ■A O. o =;
For E uce idean  3 -s p a c e  (B=0) from (71) we g e t  th e  s c a l e  f a c t o r  i n  
th e  form
1/ ^  (A7 a;) (75)
wBere U ) is  a c o n s t a n t  o f  i n t e g r a t i o n .  S o lu t i o n  (75) i s  w e l l  known 
in  c o n n e c t io n  w i th  th e  de S i t t e r  model o f  th e  u n iv e r s e .
For s p h e r i c a l  3 - space  (B ^ O ) B i s  g iv e n  by (73) and from 
(71) we have t h a t  th e  s c a l e  f a c t o r  f u n c t i o n  i s  g iv e n  as
(76)
28
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where W i s  an i n t e g r a t i n g  c o n s t a n t .
F or p s feu d o -sp h e r ica l  3 - sp a c e  ( B < 0 )  B i s  g iv e n  by th e  e q u a t io n
The s c a l e - f a c t o r  f u n c t i o n ,  th e  s o l u t i o n  o f  ( 7 1 ) ,  has  th e  form
-  W x  y  Y  X  4 % ; (78)
where tO  i s  an i n t e g r a t i n g  c o n s t a n t .
These a re  a l l  p o s s i b l e  n o n - t r i v i a l  s o l u t i o n s  o f  e q u a t io n  (70)
i f  A = 0 .  However, from ( 7 0 ) ,  we see  t h a t  f o r  A = 0 we
have th e  s o l u t i o n  U =  0 .
In  summary, th e  fo l lo w in g  can  be s a i d :  th e  s o l u t i o n s  (72)
and (74) o f  e q u a t io n  (70) p h y s i c a l l y  c o r re s p o n d  to  th e  empty
u n iv e r s e  and th e  c r i t i c a l  volume i s  i n d e f i n i t e  s in c e  e = 0  ando
A = 0 .
The s o l u t i o n s  ( 7 5 ) ,  (76) and (>o) p l; iy s ica lly  c o r re sp o n d  to  th e  
non-empty u n iv e r s e  and th e  c r i t i c a l  volume i s  z e ro j  s in c e  eJT" 0 
and A =  0 .  However, f o r  th e s e  l a s t  t h r e e  s o l u t i o n s ,  ■we fa c e
29
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d i f f i c u l t i e s  w i th  p h y s ic a l  i n t e r p r e t a t i o n  o f  e q u a t io n s  (65) -  ( 6 9 ) .  
Under th e  assum ption  t h a t  A f  0 and U i s  an in c r e a s in g  f u n c t io n  o f  
th e  t im e ( u n iv e r s e  i s  expanding) th e n  f o r  X y» e q u a t io n  (63) 
has  th e  form o f  e q u a t io n  ( 7 1 ) .
Thus th e  s o l u t i o n s  ( 7 2 ) ,  ( 7 4 ) ,  ( 7 5 ) ,  ( 7 6 ) ,  and (78) c o r re s p o n d
to  th e  l i m i t i n g  s t a t e  o f  th e  expanding  u n iv e r s e  f o r  oc, .
B. S c a l e - f a c t o r  F u n c t io n  o f  th e  second C la ss
L et u s  now assume t h a t  A < 0 .  From (27) we have t h a t  th e  sp a c e ­
t im e c u r v a tu r e  i s  g iv e n  as
. (79)
S in ce  U (x ° )  i s  chang ing  w i th  t im e ,  th e  c u r v a t u r e ,  R o f  s p a c e - t im e  
i s  a l so  chang ing  w i th  t im e .  D erivd ix i o f  (37) shows " t h a t  e q u a t io n
(79) i s  e q u i v a l e n t  to
=  + a U .
r C .
(80)
The & rego ihg  e q u a t io n  does n o t  r e p r e s e n t  any c o n d i t i o n  f o r
30
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th e  s c a l e  f a c t o r  f u n c t io n  U.
Thus, (80) i s  co m p a tib le  w i th  an a r b i t r a r i l y  g iv e n  p r e s s u r e -  
energy  d e n s i t y  r e l a t i o n  o r  o t h e r  c o n d i t i o n .  The q u a n t i t y  T ^ s e  i s  i n  
g e n e r a l  r e l a t i v i t y  n o n -n e g a t iv e  and th u s  we have
s in c e  A<lo and e 0 .o
The s c a l e  f a c t o r  U i s  g iv e n  as a v a r i a b l e  s o l u t i o n  U(x°) o f  
e q u a t io n
where e^ and A a re  c o n s t a n t s .  E q u a t io n  (82) can  be i n t e g r a t e d  
im m ed ia te ly  f o r  B 0 , and th e  3 -s p a c e  x°  = c o n s t a n t ,  i s  E u c l id e a n .  
For B = 0 we have t h a t
31
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and the  s o lu t io n  o f  (83) i s
U = 2 e , Z  X i-UJ 3 ^  /.i-UJ  3 (84)
where CO i s  a c o n s ta n t  o f  i n t e g r a t i o n  and 6% = -A ^ O .
In  th e  c a s e  when B ^  0 ,  and h en ce ,  th e  3 -sp a c e  x° = c o n s t a n t  
i s  s p h e r i c a l  o r  p s e u d o - s p h e r i c a l ,  we can  t r a n s c r i b e  (82) as
d
- | A (85)
where we p u t  y — U, I n t r o d u c in g  a new in d e p e n d e n t  v a r i a b l e  ^ a s
T  -
c!x *
f f F )
( 86)
we o b ta in  from (85) t h a t
(87)
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The g e n e ra l  s o l u t i o n  o f  (87) can be o b ta in e d  by means o f  e l l i p t i c  
f u n c t i o n s .  The e q u a t io n  (87) h as  th e  same g e n e r a l  s o l u t i o n  as  th e  
Friedmann e q u a t io n  c o n s id e r e d  by Heckmann and Schucking [ 3 ]
I f  we p u t  i n  (87) t h a t
( 88 )
from (87) we g e t
(89)
w h e re  o( ^ ^ and 2 e . E q u a t io n  (89) h a s  th e  g e n e r a l
s o l u t i o n
( t )  = I p i  p (90)
where 9 i s  th e  W e i e r s t r a s s  'P e '  f u n c t i o n  and
A/3 (91)
33
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a re  i n v a r i a n t s  o£ d..
Thus we can  w r i t e  f o r  sca le -fac< £or  f u n c t io n
U ( —  ^  (9 2 )
and
(93)
where x° i s  an i n t e g r a t i n g  c o n s t a n t .
C. A model w i th  n e g a t iv e  c u r v a tu r e .
I f
0J (94)
we can w r i t e  [5 ]  t h a t
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S u b s t i t u t i n g  from (91) i n t o  (94) we g e t  a q u a d r a t i c  e q u a t io n  f o r  
P which h as  th e  r o o t s
A (96)
Using th e  p r e v io u s  d e f i n i t i o n  o f  c< and p we see  from (96) t h a t  ^  
must be n e g a t iv e  s in c e  A 0 .  Thus th e  3 -sp a c e  x°  =  c o n s ta n t
i s  p s e u d o - s p h e r i c a l .  Using (96) from (91) we have
=
o r (97)
=  i l l CK
o f
S in c e  B 2  0 and i t  i s  g iv e n  by th e  e q u a t io n  B — r ^  b"* we have o
from (97) t h a t
/(
% P l V e ,
(98)
35
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o r
2_ o C  —  —
2
2. -7 23 K  J  e . (9 9 )
Using ( 9 8 ) ,  ( 95) ,  ( 92) and (93) we can  w r i t e  t h a t
3
INIH
~ 1  I ( 100)
and
X°- X °  = \r?
e . x . T >
( f§ -  "
1 M I5 I
1-2
where x^° i s  an i n t e g r a t i n g  c o n s t a n t .
Using ( 99) ,  ( 95) ,  ( 92) and (93) we can  w r i t e  t h a t
Ü ( 102)
36
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and




where i s  a c o n s t a n t  o f  i n t e g r a t i o n .
IL— Models w i th  s im ple  e n e r g y - p r e s s u r e  r e l a t i o n
We s h a l l  s p e c i f y  th e  model by c h o o s in g  th e  p r e s s u r e - e n e r g y  d e n s i t y  
r e l a t i o n  i n  th e  form
-= ( i c b )
where a i s  a c o n s t a n t .  From ( l0 4 )  and (6) i t  fo l lo w s  t h a t  th e  
i n t e r n a l  ene rgy  (£ o f  th e  c o sm o lo g ica l  f l u i d  i s  g iv e n  by
=
Û — «< I
(105)
and h en ce ,  ^  i s  a f u n c t i o n  o n ly  o f  th e  r e s t  te m p e ra tu re  T.
From (4) th e  p ro p e r  ene rgy  d e n s i t y  o f  th e  co sm o lo g ic a l  f l u i d  i s
37
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g iv e n  as
V T— -  o< I
£  ^  (p 2 . __________  (106)
and from (106) end ( l0 4 )  we have f o r  th e  p r e s s u r e  o f  th e  co sm o lo g ic a l  
f l u i d
/ jy  O C{/
I ^  'L C\y
3  (107)
3
From th e  second e q u a t io n  (lO ) and (106) f o r  th e  en e rg y  d e n s i t y  e^  
o f  r a d i a t i o n  component o f  th e  co sm o lo g ic a l  f l u i d  we have
(108)
38
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The l a s t  e q u a t io n ,  because o f e^ = ^  , we can t r a n s c r ib e  as
. ( 1 0 8 .)
e o  \  0 /
Here as b e fo re  e^ i s  energy  d e n s i t y  o f  p e r f e c t  g a s .  We see from th e  
fo re g o in g  e q u a t io n  t h r t  th e  r a t i o  o f  energy  d e n s i t i e s  e^  pnd e ^  f o r  
g iv e n  a, i s  o n ly  a f u n c t io n  <5f r e s t  t e m p e ra tu r e ,  T. On th e  o t h e r  
hand , f o r  g iv e n  a ,  th e  r e s t  te m p e ra tu re  T i s  co m p le te ly  d e te rm in e d  
by th e  energy  densities r a t i o .  We can w r i t e  t h a t
% y ( I08b )
where T^^ — . Under th e  v e ry  r e a l i s t i c  assum ption  t h a t  e^ ) )  e ^ .
we have t h a t
(108c)
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By co n b in in g  ( 2 ) ,  (3 )  and (4) we can  t r a n s c r i b e  (104) by means 
o f  th e  p ro p e r  m a t e r i a l  d e n s i t y  ^  and th e  r e s t  te m p e ra tu re  T i n  
th e  form
- I   • (109)
A - cl,
Comparing (IO 9 ) w i th  (37) we can  w r i t e  t h a t
Q
0 .A — CL..
Hence, i t  fo l lo w s  from ( l lO )  t h a t  th e  s c a l e  f a c t o r  f u n c t i o n  U 
i s  a c o n s ta n t  w hich we can w r i t e  as
( 111)
Thus we have th e  r e s u l t ,  t h a t  i f  th e  m a t t e r  i n  u n iv e r s e  i s  r e p r e s e n te d  
by th e  co sm o lo g ica l  f l u i d  f o r  which th e  p r e s s u r e  -  en e rg y  r e l a t i o n  
( 104) i s  t r u e ,  th e  u n iv e r s e  i s  s t a t i c .  From ( 106) and ( 109) 
t h a t  energy  -  d e n s i t y  e o f  th e  co sm o lo g ic a l  f l u i d  i s  c o n s ta n t
40
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and the  p r e s s u r e
/
'V ^  2  (113)
I s  c o n s ta n t  a l s o .
However, we can  c o n s id e r  th e  p ro p e r  m a t e r i a l  d e n s i t y  ^  y as 
a g iv e n  f u n c t io n  o f  th e  tim e and th e n  th e  r e s t  te m p e ra tu re  T 
dependence on tim e i s  d e te rm in ed  by e q u a t io n  ( l 0 9 ) .  The r e v e r s e  
i s  a l so  t r u e . Given T as a f u n c t io n  o f  t im e ,  ^  i s  d e te rm in ed  
as f u n c t io n  o f  tim e from e q u a t io n  (1 0 9 ) .
I t  fo l lo w s  from ( l l )  and (109) t h a t  th e  p e r f e c t  g a s  component 
o f  th e  co sm o lo g ic a l  f l u i d  has  th e  ene rgy  -  d e n s i t y  e q u a t io n  g iv e n  
by th e  r e l a t i o n
^  ^  4 — ^  Cj. (114)
f  A- SocT A-^ CXy
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With the h e lp  o f  ( l0 9 )  we can t r a n s c r ib e  (1Q8) as
^ 2 -  . (115)
A -  g c x T  A — Cty
E q u a t io n  ( l l 5 )  g iv e s  th e  energy  -  d e n s i t y  o f  th e  r a d i a t i o n  component 
o f  th e  co sm o lo g ic a l  f l u i d ,  e ,  w hich depends o n ly  on T.
We a re  a b l e ,  by means o f  e q u a t io n s  ( i l l )  and ( 6 3 ) ,  to  e x p re s s  
th e  c u r v a tu r e  B o f  3 -s^ a c e  x° = c o n s t a n t  i n  th e  form
2.   U
3 = - | e „ Ü H - A A U  (116)
2
where U i s  g iv e n  by e q u a t io n  ( i l l ) .
As was in t r o d u c e d  e a r l i e r ,  we have f o r  th e  c r i t i c a l  p r e s s u r e  and 
volume th e  v a lu e s
, . 2  A
%  ^ 0  o ^ < i  . (117)
By u s in g  ( l l 7 )  and (116) we dan e x p re s s  th e  c u r v a tu r e  B by means 
o f  th e  c r i t i c a l  v a lu e s  o f  p r e s s u r e  and volum e.
42
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The e x p re s s io n  (15) f o r  th e  p ro p e r  e n t ro p y  S  , because  o f  
(1 0 4 ) ,  can  be i n t e g r a t e d .  Using ( l 5 ) ,  ( l0 9 )  and ( l l 5 )  we g e t
s  =  / & L  (118)
Tg  Cl- 7
where T^ i s  an i n t e g r a t i n g  c o n s ta n t .
I t  i s  n a t u r a l  f o r  p h y s ic a l  r e a so n s  t h a t  th e  c o n s t a n t ,  a ,  i n  
r e l a t i o n  ( l0 6 )  i s  n o n -n e g a t iv e .  S ince  i n  ( i l l )  A ^ P  and e ^ ’>- 0 i t  
i s  a consequence o f  ( i l l )  t h a t
0 éz CO L i  , (119)
* 3 we have from ( l0 4 )
/ j v  ■= ^  ^  (120)
which i s  w e l l  known as a r e l a t i o n  f o r  th e  r a d i a t i o n .  The c o sm o lo g ic a l  
f l u i d  has  o n ly  one component r a d i a t i o n  w i th  p ^  = e ^ ,  and e^  =  3e^«
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V. The P ro p e r  V ib r a t i o n  o f  th e  Expanding U niverse  
S c h ro d in g e r  s o lv e d  th e  f a m i l i a r  wave e q u a t io n  o f  th e  second
o r d e r
where Ÿ i s  th e  wave f u n c t io n  and ^  ( /k n / is  th e  r e s t  mass
and h , P la n c k 's  c o n s ta n t )  f o r  th e  l i n e  e le m e n t ,  ( 1 7 ) .  For th e  
t im e dependen t p a r t ,  f ( x ° ) ,  o f  th e  wave f u n c t i o n ,  S c h ro d in g e r  o b ta in e d  
th e  e q u a t io n
d x ^
(We use  f o r  th e  s c a l e - f a c t o r  f u n c t i o n  th e  symbol, U, and n o t  R as 
S c h ro d in g e r  d i d ) . Here
^ o (123)
44
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and n i s  a n o n -n e g a t iv e  i n t e g e r .  E v id e n t ly  ti('n +  2) i s  a c o n s ta n t  
o f  s e p a r a t i o n .
We can w r i t e  e q u a t io n  (63) as
2
( 5 j  &  e .  ^  A  . (124)




A - (J . (126)
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then  from ( l2 7 )  and ( l2 2 )  we g e t
T h e re fo re
^  U  -  ^  ^  ,  O n . V ' .
0 ( T   ^ (129)
The r e l a t i o n .
-^A 4 i -  = trtw fd r  ‘ d v  (130)
h o ld s  f o r  any two s o l u t i o n s  f^  and f ^  o f  e q u a t io n  ( l 2 2 ) ,  and th u s ,  
becu ase  o f  ( l 2 9 ) ,  U i s  th e  s o l u t i o n  o f  ( l 2 2 ) .
In  t h i s  way we a r r i v e d  a t  th e  r e s u l t  t h a t  i f  th e  s c a l e  f a c t o r  
f u n c t io n  U, i s  g iv e n  as a s o l u t i o n  o f  e q u a t io n  (64) o r  (124) hhen 
by r e p l a c in g  i n  i t  th e  c o n s t a n t s ,  w i th  th e  h e lp  o f  r e l a t i o n s  
( l 2 7 ) ,  we o b ta in  th e  t im e dependen t p a r t ,  f ,  o f  th e  wave f u n c t i o n .
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'•I*'. A ll  s o l u t i o n s ,  U, l i s t e d  in  s e c t i o n  IV A, where th e  c o n s t a n t  
e^ and B a re  r e p la c e d  w i th  th e  h e lp  o f  r e l a t i o n s  (1 2 7 ) ,  a re  i d e n t i c a l  
w i th  . The fo l lo w in g  t a b l e  may be h e l p f u l .
B  ==“0 Vi ( ^ x V w )
? ^ r 0 \  
1 1 /  + Guj)
5  > 0
2
î < 0
i  - M /{«( 2)
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VI. Conclusion
There a re  two p r o p e r t i e s  o f  a r e l a t i v i s t i c  c o sm o lo g ica l  
model based  on E i n s t e i n ' s  e q u a t io n s  f o r  th e  energy  momentum t e n s o r  
o f  a p e r f e c t  f l u i d ,  which seem to  be j u s t i f i e d  and a re  g e n e r a l l y  
a c c e p te d .
1) The p r e s e n t  s t a t e  o f  m a t t e r  i n  th e  u n iv e r s e  has  an e n e r ­
g e t i c a l l y  sm all  c o n t r i b u t i o n  ( l e s s  th a n  1 o f  th e  e le c t ro m a g ­
n e t i c  and n e u t r i n o  r a d i a t i o n .
2) The Friedmann models a re  n o t  o n ly  th e  s im p le s t  among a l l  th e  
w o r ld  m odels , b u t  can  even be v e r i f i e d  as e x c e l l a n t  ap p ro x im a tio n s  
to  o u r  p r e s e n t  average  co sm o lo g ic a l  ne ighbourhood .
The E i n s t e i n  e q u a t io n s  f o r  th e  ene rgy  momentum t e n s o r  o f  a 
p e r f e c t  f l u i d  a re  th e  s t a r t i n g  p o i n t  f o r  o u r  c o sm o lo g ic a l  m ode ls .  
The f i r s t  p r o p e r t y ,  m entioned  above, means t h a t  th e  p r o p e r  m a t e r i a l  
d e n s i t y ,  p, and th e  energy  d e n s i t y ,  €  , o f  co sm o lo g ic a l  g as  a re  
n e a r l y  e q u a l ,  i . e .  e ^  p. S in ce  p = where e ^  i s  th e  energy  
d e n s i ty  o f  a p e r f e c t  g a s ,  we can say  t h a t  th e  c o sm o lo g ic a l  g as  
approx im ates  th e  p e r f e c t  g as  w i th  e ^  e _ .
<7
The f i r s t  p r o p e r ty  does n o t  r e p r e s e n t  a c o n d i t i o n  which make 
o u r  problem d e t e r m in a te .  The tim e dependence o f  a l l  p h y s ic a l  
q u a n t i t i e s  i s  g iv e n  th rough  th e  s c a l e  f a c t o r  f u n c t i o n ,  U, which 
i s  a s o l u t i o n  o f  e q u a t io n  ( 6 3 ) .  As m entioned  e a r l i e r ,  th e  d i f f e r ­
e n t i a l  e q u a t io n  (63) shows d i r e c t l y  th e  F ridm aniann  n a t u r e  o f  th e  
m odels .
-  48 -
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I f  we f e e l  t h a t  we l i v e  in  an ap p ro x im a te ly  Friedmann w o r ld ,  
i t  i s  p o s s i b l e  t h a t  th e  r e l a t i v i s t i c  cosmology p r e s e n te d  in  th e  
fo re g o in g  s e c t i o n s  may be a u s e f u l  model f o r  th e  d i s c u s s io n  o f  th e  
r e a l  u n iv e r s e .
Un:f o r t u n a t e l y ,  th e  number o f  p r e c i s e  o b s e r v a t io n s  i s  too  sm all  
to  make u se  o f  th e  t h e o r e t i c a l  i n t e r p r e t a t i o n  as  a b a s i s  f o r  v ig o ro u s  
argum ent. I t  seems t h a t  o n ly  more abundant and more a c c u r a te  o b s e r ­
v a t i o n a l  d a t a  can shed l i g h t  on th e  s u b j e c t .
-  49 -
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